QQ-systems provide an efficient way of solving Bethe equations. We formulate here QQ-systems for both the isotropic and anisotropic open Heisenberg quantum spin-1/2 chains with diagonal boundary magnetic fields. We check these QQ-systems using novel Wronskian-type formulas (relating the fundamental Q-function and its dual) that involve the boundary parameters. 1 nepomechie@miami.edu 1 If we require H to be Hermitian, then α and β must be real.
Introduction
An efficient way of solving rational Bethe equations for periodic models was introduced in 2016 by Marboe and Volin [1] . This so-called QQ-system method, which is an outgrowth of a long line of research (see e.g. [2, 3, 4] and references therein), has already been exploited in various investigations, see e.g. [5, 6, 7, 8, 9, 10] . This method was recently generalized [11] for the rank-1 case in two different directions: from rational to trigonometric, and from periodic to open boundary conditions. However, there the models with boundaries were restricted to "free" boundary conditions, without any boundary parameters. In this paper, we show how to further generalize the rank-1 QQ-system, so as to incorporate two arbitrary boundary parameters. To check the new QQ-systems, we use novel Wronskian-type formulas (relating the fundamental Q-function and its dual) that involve the boundary parameters.
We start with the simpler case of the isotropic open Heisenberg quantum spin-1/2 chain with boundary magnetic fields in Sec. 2, and we then consider the anisotropic case in Sec. 3 . We end with a brief conclusion in Sec. 4.
Rational case
We consider here the isotropic (XXX) open Heisenberg quantum spin-1/2 chain of length N with boundary magnetic fields, whose Hamiltonian is given by The special rational case considered in [11] corresponds to the limit where both α and β tend to infinity, in which case the model becomes SU(2) invariant. We discuss the Bethe ansatz solution of this model in Sec. 2.1, and we present corresponding QQ-systems in Sec. 2.2.
Bethe ansatz
We begin by briefly reviewing the algebraic Bethe ansatz solution of the model ( Starting from a Q-function, we show in Sec. 2.1.3 how to construct the corresponding dual Q-function, which will be needed for our later discussion of the QQ-system. We shall see that the Q-function and its dual are related by a novel Wronskian-type formula that involves the boundary parameters.
Algebraic Bethe ansatz
The algebraic Bethe ansatz solution of the model (2.1) was formulated by Sklyanin [12] . 2 Following the notations in [11] , we consider the R-matrix (solution of the Yang-Baxter equation) given by the 4 × 4 matrix
where P is the permutation matrix and I is the identity matrix. We define the monodromy matrices
We consider the K-matrices (solutions of boundary Yang-Baxter equations) given by the diagonal 2 × 2 matrices
5)
which evidently depend on the boundary parameters α and β, respectively. The transfer matrix T(u) = T(u; α, β) is given by [12] T In order to construct eigenstates of the transfer matrix, we define the operators A(u), B(u), C(u), D(u) from U 0 (u) (2.6) as follows 3
.
(2.9)
Choosing the reference state
the Bethe states are defined by
These states are eigenstates of the transfer matrix T(u) with eigenvalues T (u)
provided that {u 1 , . . . , u M } are admissible solutions of the Bethe equations
where we have introduced the functions f (u) and g(u) defined by
which will play an important role in the following. The eigenvalues T (u) (which are necessarily polynomials in u 2 ) are given by the TQ-equation
where Q(u) is also a polynomial in u 2 defined by
and we use the standard notation F ± (u) = F (u ± i 2 ) for any function F (u). For generic values of the boundary parameters, the transfer-matrix eigenvalues T (u) are not degenerate.
Duality
We observe that the transfer matrix is not invariant under charge conjugation C = (σ x ) ⊗N ; indeed, the boundary parameters become negated A given eigenstate of the transfer matrix with eigenvalue T (u) can be represented either by a Bethe state (2.11), or by a corresponding "dual" Bethe state
constructed with the "dual" reference state
Hence, the dual Bethe state satisfies
where {ũ 1 , . . . ,ũM } satisfy the "dual" Bethe equations 4
In terms of the dual Bethe roots, the eigenvalues T (u) are given by a "dual" TQ-equation 
Construction of P (u) and Wronskian-type formula
We now show how to construct the polynomial P (u) (the dual Q-function), starting from the Q-function, which will be needed in Sec. 2.2. This construction is similar to the one by Pronko and Stroganov [16] for the periodic closed chain (see also [11] ); however, there are some interesting new features, since the TQ-equation is no longer self-dual.
Dividing both sides of the TQ-equation
where we have set Q 0,0 (u) = u 2N (2.26) in anticipation of a notation that will be introduced in Sec. 2.2. Hence,
where R(u) is defined by the first equality
28)
and π(u) and q ± (u) are polynomials. Substituting (2.28) into (2.27), we see that the coefficient of the 1/Q term on the RHS of (2.27) must vanish. That is, the polynomials q ± (u) must obey the constraint
which can be satisfied by
for some polynomial q(u). Moreover, we set
where ρ(u) is also a polynomial. Substituting the results (2.30) and (2.31) into the expression for R (2.28), we conclude that
where P (u) is given by
which is evidently a polynomial. We remark that
where 2M and 2M are the degrees of Q and P , respectively.
Comparing (2.28) and (2.32), we immediately also obtain
which is an important Wronskian-type formula relating Q and P , which interestingly is "deformed" by the functions f and g (2.14).
Substituting (2.32) into (2.25), we obtain
which is a deformation of another well-known result [16] . Finally, combining (2.35) and (2.36), we obtain
which is the dual TQ-equation (2.23).
In summary, starting from a transfer-matrix eigenvalue T (u) and a corresponding Qfunction Q(u) satisfying the TQ-equation (2.15), we have shown that there exists a corresponding polynomial dual Q-function P (u) given by (2.33) that satisfies the Wronskian-type formula (2.35) and the dual TQ-equation (2.23).
Let us pause to underscore the new insight that this problem has revealed. In the context of quantum integrability, the Wronskian (or Casorati) formula has generally been regarded (see e.g. [16] ) as a relation between two solutions of the same finite-difference TQ-equation. However, we now recognize this to be an exceptional situation, which occurs when the TQequation is self-dual. We should instead regard the Wronskian formula as a relation between a solution of the TQ-equation and a solution of the dual TQ-equation; and these two TQequations are generally not the same. 6 For the special case without boundary parameters, it has been argued in [11] that polynomiality of P (u) is equivalent to the admissibility of the solution {u 1 , . . . , u M } of the Bethe equations; and these arguments can be extended to the case with boundary parameters.
QQ-systems
We now look for a QQ-system for the Bethe equations (2.13) . Surprisingly, the answer is not unique; and we present two such QQ-systems. For both systems, we take (as anticipated in (2.26)) Q 0,0 (u) = u 2N , (2.38) and we identify Q 1,0 (u) as the fundamental Q-function (2.16)
For the rank-1 case that we consider in this paper, there are only two nontrivial sets of Q-functions, namely, Q 0,n (u) and Q 1,n (u). Our two QQ-systems are distinguished by which of these two sets of Q-functions are deformed. We consider these systems separately in Secs. 2.2.1 and 2.2.2.
Deforming Q 1,n
We begin by considering the following QQ-system
40)
where we use the notation F [n] (u) = F (u + ni 2 ), and we remind the reader that the functions f and g are defined in (2.14) . Comparing with the corresponding QQ-system in [11] , we see that only the relations for Q 1,n are deformed by f and g. We claim that all of these Q-functions are polynomials if and only if {u 1 , . . . , u M } (given by zeros of Q 1,0 (u)) is an admissible solution of the Bethe equations (2.13).
As a preliminary check of this QQ-system, let us verify that it leads to the Bethe equations (2.13). Eqs. (2.40) with n = 1 read
Performing in (2.41) the shifts u → u ± i 2 and evaluating at a Bethe root u = u j , we obtain
Finally, substituting (2.43) into (2.44), we indeed arrive at the Bethe equations (2.13). We have also verified numerically for small values of N that this QQ-system reproduces the complete spectrum of the transfer matrix.
We can solve the QQ-system (2.40) in terms of Q(u) and a function P (u) defined by the Wronskian-type formula (2.35). Indeed, we find that this system is solved by
where, as in [11] , D n P is defined by
(with D 0 = 1) and we now define D n Q by
Note that the expression for D n P (2.46) is not deformed, while the expression for D n Q (2.47) is deformed by f and g. The solution (2.45) shows that polynomiality of P (u) is equivalent to polynomiality of all the Q-functions. Since polynomiality of P (u) is equivalent to the admissibility of the solution {u 1 , . . . , u M } (see Sec. 2.1.3), we conclude that (2.40) is indeed a QQ-system for the model (2.1).
Deforming Q 0,n
We now consider a different QQ-system
where now the relations for Q 0,n are deformed by f and g. We again claim that all the Qfunctions are polynomials if and only if {u 1 , . . . , u M } is an admissible solution of the Bethe equations (2.13).
Let us begin by verifying that this QQ-system also leads to the Bethe equations (2.13). Eqs. (2.48) with n = 1 read
Performing in (2.49) the shifts u → u ± i 2 and evaluating at a Bethe root u = u j , we obtain
Finally, substituting (2.51) into (2.52), we again arrive at the Bethe equations (2.13). We have also verified numerically for small values of N that this QQ-system reproduces the complete spectrum of the transfer matrix.
We can also solve the QQ-system (2.48) in terms of Q(u) and a function P (u) defined by the Wronskian-type formula (2.35) . Indeed, we find that this system is solved by
where D n P is now defined by
Note that now the expression for D n P (2.54) is deformed, while the expression for D n Q (2.55) is not deformed. The solution (2.53) shows that polynomiality of P (u) is equivalent to polynomiality of all the Q-functions, hence (2.48) is also a QQ-system for the model (2.1).
Trigonometric case
We now consider the anisotropic (XXZ) open Heisenberg quantum spin-1/2 chain of length N with anisotropy parameter η and with diagonal boundary magnetic fields, whose Hamiltonian is given by
(3.1) where α and β are arbitrary parameters. This model reduces to the isotropic model (2.1) in the limit η → 0; and, like the latter, is U(1) invariant (2.2). The special trigonometric case considered in [11] corresponds to the limit where both α and β tend to infinity, in which case the model becomes U q (su(2)) invariant. We first discuss the Bethe ansatz solution of this model in Sec. 3.1, and we then present corresponding QQ-systems in Sec. 3.2.
Bethe ansatz
The algebraic Bethe ansatz solution of the anisotropic model (3.1) is similar to the one for its isotropic limit (2.1) discussed in Sec. 2.1. Hence, we present only the salient formulas.
The R-matrix is now given by
and the K-matrices are given by The Bethe equations are now given by
where the functions f (u) and g(u) are now given by 
where we now use the notation F ± (u) = F (u ± η 2 ), cf. (2.15), (2.16) . The Q-function is a polynomial in t 2 and t −2 , where t = e u .
The dual Bethe equations are now given by 8) and the dual TQ-equation is
where P (u) is the corresponding dual Q-function 
where Q 0,0 (u) is given by (3.12), cf. (2.36).
QQ-systems
We now look for a QQ-system for the Bethe equations (3.4) . As in the rational case, we find two such systems. For both systems, we take We present the two QQ-systems separately in Secs. 3.2.1 and 3.2.2.
Deforming Q 1,n
where now F [n] (u) = F (u + nη 2 ), and the functions f and g are defined in (3.5) . As in (2.40), the relations for Q 1,n are deformed by f and g. All the Q-functions must now be polynomials in t 2 and t −2 , where t = e u .
By repeating the steps (2.50)-(2.52), one can easily verify that the QQ-system (3.14) indeed leads to the Bethe equations (3.4) . We have also verified numerically for small values of N that this QQ-system reproduces the complete spectrum of the transfer matrix.
We can solve the QQ-system (3.14) in terms of Q(u) and a function P (u) defined by the Wronskian-type formula (3.11) . Indeed, we find that this system is solved by
where, similarly to [11] , D n P is defined by
and we now define D n Q by
The solution (3.15) shows that polynomiality (in t 2 and t −2 ) of P (u) is equivalent to polynomiality of all the Q-functions, hence (3.14) is indeed a QQ-system for the model (3.1).
Deforming Q 0,n
We now consider a different QQ-system sinh(2u) Q 1,n ∝ Q + 1,n−1 − Q − 1,n−1 , n = 1, 2, . . . ,
where now the relations for Q 0,n are deformed by f and g. Again, all the Q-functions must be polynomials in t 2 and t −2 , where t = e u .
By repeating the steps (2.50)-(2.52), we verify that this QQ-system also leads to the Bethe equations (2.13) . We have also verified numerically for small values of N that this QQ-system reproduces the complete spectrum of the transfer matrix.
We can also solve the QQ-system (3.18) in terms of Q(u) and a function P (u) defined by the Wronskian-type relation (3.11) . Indeed, we find that this system is solved by
where D n P is now defined by 20) while D n Q is defined by
The solution (3.19) shows that polynomiality (in t 2 and t −2 ) of P (u) is equivalent to polynomiality of all the Q-functions, hence (3.18) is also a QQ-system for the model (3.1).
Conclusions
We have shown that boundary parameters can be introduced in rank-1 QQ-systems, for both the rational (2.40), (2.48) and trigonometric (3.14), (3.18) cases. We have also found novel Wronskian-type formulas involving the boundary parameters (2.35), (3.11) . More generally, we have recognized that such Wronskian formulas should be understood as relations between a solution of the TQ-equation and a solution of the dual TQ-equation; and that these two TQequations are generally not the same. We expect that these results will have applications to various integrable boundary problems in AdS/CFT and statistical mechanics, as has already occurred for integrable periodic problems [5, 6, 7, 8, 9, 10] .
For the rational case, operators whose eigenvalues are given by Q(u) and P (u) have been constructed in [17] , called there Q + and Q − . It would be interesting to prove the Wronskiantype formula (2.40) directly for the corresponding operators. These operators should provide, through (2.45) and (2.53), realizations of Q-operators satisfying the QQ-systems (2.40) and (2.48), respectively. Trigonometric generalizations of these operators have been considered in [18] .
We have restricted our attention here to cases with diagonal K-matrices (2.5), (3.3) . It would be very interesting if these results could be further generalized to cases with nondiagonal K-matrices [19, 20] , where the Bethe equations are significantly more complicated [21, 22, 23] . It would also be interesting to consider generalizations to rank higher than one. Indeed, perhaps we can now speculate that all integrable problems can be reformulated as QQ-systems.
